ABSENCE OF EIGENVALUES OF DISSIPATIVE OPERATOR
FOR STRICTLY CONVEX OBSTACLES

VESSELIN PETKOV

ABSTRACT. We study the wave equation in the exterior of a strictly convex
bounded domain K C R% d > 3, odd, with dissipative boundary condition
Ovu — y(z)0¢u = 0 on the boundary I' and 0 < y(z) < 1, Vz € I'. The
solutions are described by a contraction semigroup V() = e'G, ¢ > 0. In [10]
we established that for v = const and K = {z € R? : |z| < 1} the operator
G has no eigenvalues and we conjectured that the same result holds for every
strictly convex obstacle. In this paper we prove this conjecture.

1. INTRODUCTION

Let K ¢ R% d > 3, d odd, be a bounded non-empty domain with C strictly
convex boundary T'. Let Q& = R?\ K be connected and K C {x € R?: |z| < p}.
Consider the boundary problem

uy — Ayu = 0in R x Q,
Opu — y(x)0u = 0on R} x T, (1.1)
u(0,2) = f1, w(0,2) = fa

with initial data (fi,f2) € H = H*() x L?(Q). Here v(z) is the unit outward
normal at & € T' pointing into Q and v(z) > 0 is a C*° function on I'. Introduce
the contraction semi-group V(¢) in H with generator

0 1
¢=(a o)
The operator G has domain D given by the closure in the graph norm

A1 = (A3 + G FI5) Y
of functions f = (f1, f2) € OF)(R?) x Cf)(R?) satisfying the boundary condition
Oufi —vf2=0onT.

The solution of the problem (1.1) has the form V(¢)f = e'“f, t > 0. The
point spectrum o0,(G) of G in C_ = {z € C: Rez < 0} is formed by isolated
eigenvalues with finite multiplicity, 0,(G) NiR = () and G has continuous spectrum
o.(G) = iR (see Section 8, [6]). Notice that if Gf = A\f with 0 # f € D, Re A <0,
we have solution u(t,z) = V(t)f = eM f(z) of (1.1) with exponentially decreasing
global energy. Such solutions are called asymptotically disappearing and they are
important for scattering problems (see for more details [8], [10]). The location in C_
of the eigenvalues of G has been studied in [8] improving previous results of Majda
[7]. In the special case when v = 1, and K is the unit ball B3 = {z € R3: |z| < 1}
it was proved in [8] that G has no eigenvalues. The case y(z) > 1, Vo € I" has been
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2 V. PETKOV

examined in [8] and a Weyl formula for the counting function of the eigenvalues of
G close to the negative real axis has been established in [9].

Throughout this paper we assume that 0 < y(z) < 1, Vo € I'. This case has
been studied in [8], [10]. In particular, for v = const and K = Bz in Appendix,
[10] it was proved that G has no eigenvalues. We conjectured in [10] that the same
is true for every strictly convex obstacle. Our main result is the following

Theorem 1.1. For strictly convex obstacles the operator G has no eigenvalues A
with Re A < 0.

The eigenvalues of G in C_ are incoming functions (see Section 2 for the definition
of outgoing/incoming functions). The absence of eigenvalues of G for Re A > 0 is
based on the representation of the outgoing resolvent

(G-N"t= —/ e Me!Gdt, Re A >0 (1.2)
0

which is analytic for Re A > 0. For the incoming eigenvalues it should be useful
to have a similar representation with integral on (—oo, 0] involving some evolution
operator. However, the problem

(0?2 —A,)f=0inR; x Q,
Of —v(x)0:f =0onR; x T, (1.3)
f(O,l‘) =0, ft(va) = X(J?)

is not L? well posed (see Theorem 1 in [7]). On the other hand, the problem (1.3)
is well posed with some loss of regularity (see [4], [5]) and for x € H7},,.(Q), m >
d/2+ 3 it is possible to obtain a solution of (1.3) with the property e“m-3/2t f(t, z) €
H™2(Ry x Q) with some large ¢,,_3/2 > 0 (see Proposition 3.2). The idea is to

consider the incoming function

0
w(z,\) = / e MP(t)xdt, Re X < —Cm—3/25
where P(t)x is a solution of (1.3) and to modify it to obtain an approximative
resolvent Rf(\) of (G — \)~1.

We expose below the strategy of the proof of Theorem 1.1. In Section 3 we
examine the operator C(\) = N()\) — \y(z), where N()\) : H*(T') — H*}(T) is
the Dirichlet-to-Neumann operator defined in Section 2. We study the existence of
C(A\)~tfor Re A < —cg < 0. For this purpose we apply a weak version of Theorem 2.1
in [4] concerning only N (). We expect that it is possible to obtain the existence of
C(M\)~! for large negative Re \ for general obstacles and we will study this problem
in a further work. In Proposition 3.2 we justify the existence of an operator P(t)
satisfying (3.13). In Section 4 we follow the approach of the proof of Theorem
4.43 in [2] by using a cut-off function (,(¢,x). Let x, € HZ,. (Q), xa(x) = 1 for

comp

|z| < p+2e, e > 0. We study the operator (,P(t)x, which satisfies
(07 = Da)(CaP(t)Xa) =t Fu(t),
9y — 7(z)at)(<ap(t)Xa)|R; «r = Ja(t).

To treat the remainder operators F,(t) and J,(t), we define an approximative re-
solvent

RE(N) = / e [gap(t)Xa (1= xo)Walt) — Ba(t)} dt, Re\ < 0.
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ABSENCE OF EIGENVALUES 3

with cut-off function x.(z) and suitable correction operators W, (t), B,(t). The
kernels of these operators have compact support with respect to ¢t and this makes
possible to extend analytically R%()\) from Re\ < —Cm—3/2 to ReX < 0. The
operator Rf()\) satisfies (A — A2)RE(A\) = xo(Id + L()\)) and for sufficiently large
|A| > Ay we obtain the existence of (Id + L()\))~!. This leads to the absence of
eigenvalues A of G with |A\| > Ag. Finally, Section 5 is devoted to the absence of
eigenvalues with |A| < Ag. For € € [0, 1] we introduce the operator C.(\) = N(\) —
Aey(z) and the generator G. related to problem (1.1) with boundary condition
(Oyu — evOpu)|r = 0. We introduce the bounded set w = {z € C: —¢yp < ReA <
0, |Im z| < Ao} and define n = sup{e : € € [0,1], G. has no eigenvalues inw}. The
problem is reduced to the analysis of the case when G, has an eigenvalue )y € w.
By a perturbation argument for G. and n — ¢ > 0 sufficiently small we show that
this is impossible.

2. PRELIMINARIES

In this section we collect some facts from [8], [10]. For A € C introduce the
exterior Dirichlet-to-Neumann map
N\ : H(T) 3 f — Oyu|r € H*H(D),
where u = K()\)f is the solution of the problem
(—A+X)K(\)f=0inQ,
K(\)f=fonT, (2.1)
K(\)f : A — incoming.
A function u(x) is called A-outgoing (A-incoming) if there exists R > p and
g € L2,,,,(R?) such that
u(@) = Ry (g, |2 > R,
where RE(\) = (—Ag + A?)~! is the outgoing (+) (incoming (-)) resolvent of the
free Laplacian —Ag in R?. The resolvents Rgt(/\) are analytic in C and they have

kernels "y \
i B (_1) —1)/2 1 (d—3)/2 ;, oFAT
By (A w.y) = 2(2m)(@d—1)/2 (rar) ( r )
If for ReA < 0 we have G(f1, f2) = A(f1, f2), then fi € H?(Q) is A-incoming
solution of (—A + A?)f; = 0 (see [6] and Section 1 in [10]). Let Rp(\) = (—Ap +
A?)~1 be the incoming resolvent of the Dirichlet Laplacian Ap in € with domain
D = H%(Q) N H}(Q) which is analytic for A € C_ = {z € C: ReX < 0}. Let

Do = {u € L2 (Q) : x(z) € C°(RY), x(x) = lin a neighborhood of K = xu € D}.

loc

r=lz—y|

The incoming resolvent has meromorphic extension

Rp(\): L2, (Q) — Dy

comp
from C_ to C . The solution of the problem (2.1) with f € H3/?(T) has the form
u=e(f) +RpN)(A = XN)(e(f)), (2.2)

where e(f) : H32(T) > f — e(f) € HZ,,,(€) is an extension operator. Clearly,
we may find J,ulr by applying (2.2). By (2.2) we conclude that N(})) is analytic
in C_.
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We write the boundary condition in (1.1) as
COv = (N(X) — A\y)v = (Id - MN(A)—l)N(A)v =0, v=filr € H¥*(T).

For Re A < 0 the operator C(\) : H*(T') — H* (') has the same singularities as
N()A). On the other hand, N(\)~!: H*(T') — H*TL(T') is compact operator and
by analytic Fredholm theorem (see [8], [10]), the operator C(X) is a meromorphic
operator valued function for Re A < 0. Notice that if C()A) is analytic at Ao, then
C(Xo) : H*(T') — H*TY(T'). Here and below a meromorphic operator valued function
B(z) means that B(z) have Laurent expansion with finite number negative powers
of z and coefficients having finite rank. In [9] it was proved that we can extend
the incoming resolvent (G — \)~!, X\ ¢ 0,(G), Re A < 0 as meromorphic function
(G—=N)"1t: Heomp = Dioe for A € C, where

Dioe = {u € Hipe, x(x) € CFR?), x(2) = 1in a neighborhood of K = xu € D}.

Let <Z) =(G-N"1 (g) with (f,9) € Heomp- It was established in [8], [10] that

(G —\)~!is analytic at Ao if and only if C()\g) is invertible and C(A\g) ™t : H*(T') —
HsT(T) is analytic at \g. Moreover, if C(\)~! is analytic, w = Au + f, where

u(@, \) = =Ro(N) (g + M) + KNCN) ™ [0, (RoM) g+ AD)| + /1] (23)
is a solution of the problem

(A=X)u=g+AfinQ,
0y = y(@)N)ulr = 7f]r, (2.4)

% : A — incoming.
Notice that for (f,g) € Heomp We obtain u(z, ) € H2(£). Indeed,
CN ™ (9 Ro(A(g +A)|_+fle] € HYA(T)

and applying K(\), we obtain the result.

It is easy to see that if C(A\)~!: H*(T') — H**1(T') for some sy > 0 has a pole
M\ € C_, then this operator has a pole \g for every s > 0. This follows from the
fact that there exists 0 # v € H*(T) such that C(A\g)v = (Id — \gyN(Xo) v =
0. Since N(Xg)~! : H*(T') — H*T}(T) is bounded, this implies v € C*°(T) and
(Id — Mo yN(Xg) 1) is not invertible in H*(T') for all s > 0. In Section 4 we need the
following

Lemma 2.1. Assume that there exist ay > p and k > 2 such that for f = 0
and every g € H*(Q) with supp g C B(0,a1) there exists a solution u(x,\) of
(2.4) which for x € QN {x € R?: |z| < a, a > p} is analytic in a neighbourhood
{A € C: |A=Xo| <3} of \g € C_. Then the operator C(\)~' : H*+1(I') — HF2(T)
is analytic at \g.

Proof. Suppose that C(\)~! has a pole at \g. Then there exist h € H*TY(T), 0 #
ho € H¥*2(T) and m > 1 such that for 0 # |\ — \g| < ¢ with sufficiently small
0 < e <6 we have

ho

CN)th= CESw

+ lower order singularities.
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Let ¢ = N(\o)~'h € H*2(T"). It is easy to construct § € H**+2(Q) with supp § C
B(0, a1) such that g|r = ¢, 9,g|r = 0. To do this, by using a partition of unity on T,
we pass to a construction in a neighbourhood U C R? of a point zy € I'. Consider
in U local normal coordinates (y1,...,y4) = (y1,y’) such that

z=a(y,y) = BWY) +yv(y),
where y; = dist (2,T") and v(y’) is an extension of unit normal vector to unit
vector field. Then the boundary I' is given by y1 = 0 and 0,v = 9y, v(a(y1,y)). If
q(a(0,9")) = s(y'), we take g(y) = s(y'). Next for f = 0and g = (A—A2)g € H*(Q)
by our assumption there exists a solution wu(xz,A) of (2.4) which is analytic for
x € Q, |z| <a, A= Ao| < 4. The function v = Rp(Ao)g satisfies
(“A+2)(+9) =0, (v+3)r =g

hence d,v|r = O,(v + §)|r = N(Xo)g = h. Then in the representation (2.3) for
u(z, \)|r we will have a singular term given by C(\)~19, Rp(A\o)g)|r and we obtain
a contradiction with the analyticity of u(x, A) for |z| < a. O

Remark 2.1. By the same argument we may construct a modification g € H™ ()
of g € H™(Q) such that glr = 0, 0,g|r = g|r. To do this, in local normal coordi-
nates (y1,y’) we take §(y) = y1g(a(y1,y’)).

3. EXISTENCE AND ESTIMATE OF C()\)~!

3.1. Analyticity of C()\)~!. Throughout the paper we will use the notation A =
p+ik, pu, k € R. In this subsection we study the analyticity of C(\)~! for sufficiently
negative p. Denote by (.,.)s, ||.||s are the scalar product and the norm in H*(T'),
respectively. Consider the problem

(—A+N)K;(\)f=0inQ,

KI(A)f = fOH Fa

Ki1(\)f : A — outgoing.
and the Dirichlet-to-Neumann operator Ni(A)f = 9, K1 f(\)|r. Ikawa established
the following

Theorem 3.1 (Theorem 2.1 in [4]). Let K be a strictly conver obstacle in R3.
Then there exist constants r > 0,Cp, > 0 such that for every m € N and p > r we
have

—Re(N1(N)@, @)m = (1= C) [l 7, Vo € C=(T) (3.1)
with Cy, independent of \ and .

After the change n = —\, we deduce for operator N(\) related to (2.1) and
< —r the estimate

—Re(N(N)@,9)m = (Il = Ca)llll7,, Vo € C=(D). (3-2)

Remark 3.2. We apply the estimate (3.1) in [4] with v = 0. This estimate can be
proved for odd dimensions d > 3 by similar argument. Notice that some estimates
of the operator w in suitable regions have been established in Section 4 in [10].

Let § = max,er y(x) < 1. For m = 0 we have (yp, p)o < d|/¢||2 and we obtain
the estimate

—Re((N() = M(@)g#)o = (1= 8)|l = Co) Il
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Setting « =1 -9 > 0, ¢g = max{%,r}, for 4 < —cg we may absorb the term
Coll¢|l3 and obtain

«
el > Wielo. vio e (o). (33)

In the following we suppose that p < —cg. Set M(A) = (Idf )\nyfl()\)) and note
that C(\) = M(A)N(X). If for s > 0 the operator C(\) ™! : H5(I') — H*™}(T') has a
pole at Ao, then M (Xg) : H*(I') — H?*(T") is not invertible and there exists 0 # ¢ €
L3(T) such that C(Ao)po = M (Xo)po = 0. Since N (o)™t : H¥(T') — H**(T'), we
conclude that ¢y € C°°(T'). This leads to a contradiction with (3.3), hence C(\)~*
is analytic for u < —cg and ¢ is independent of s.

Remark 3.3. The invertibility of C(\) for s € N and u > —co has been proved in
[4] following Lemma 3.3 in [3]. Our argument above is short and we use (3.2) only
form=20.

Now we will estimate the norm of C(A\)~!: H*(T') — H*(T). Let h € L?(T") and
let C(\)g = h with g € H'(I'). (We omit in the notations the dependence of g of
A). Choose a sequence ¢; —j00 g in H'(I') with ¢; € C°°(T). Therefore

ICN(es = 9o < BoM)lle; — gl

and C(A)g; — C(\)g in L3(T). On the other hand, ||;]lo — [|g]lo- We apply (3.3)
with ¢; and passing to limit, we deduce

2

IC(N) ™ hllo < ol [|Allo, Vh € L*(T). (3.4)
Next assume that for p < —¢,,, < —cg we have the estimate
B,
[lC) ™ Allm < mllh\\m Vh e H™(T). (3.5)

Applying (3.2), we get

—Re((N(X) = M(@)p, @)m+1 = (1] = Crng )l llmnsr + 1(V05 @)t
On the other hand,

(v, @)mat| < |plSllellZ, g1 + Amlplllolimllllmt,

where A,, depends of the norms of the derivatives of v(x) of order j < m. The
above estimates imply

Amlplllelmli@lmer + 1CNllmsil@llmss = (alul = Cos)l@llma-
We estimate |ul||¢]lm from (3.5) and obtain

(AmBma™" + DICN)@llmt1 > (@lp] = Crng1) [ @llme1-

Choosing ¢p41 = max{@f”“,cm} and repeating the above argument with an

approximation ¢; — ¢g in H™%(T), we conclude for y < —c;,, 41 that

B,
ICO) ™ Hlsr < AL Bl ¥h € H(),

By iteration we establish this estimate for every m € N. Next applying an interpo-
lation argument for the spaces H™(T') and H™+1(T), we extend it to H*(T'), m <
s < m+ 1 and obtain the following
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Proposition 3.1. For every s > 0 there exist constants cs > 0, Bs > 0 such that
C(\)~t: H3(T) — HSTY(T) is analytic for p < —cs and in this domain we have
B,
alpul
3.2. Existence of solution of the problem (1.3). Let x € H™(Q) with m €
N, m > d/2+3 and supp x C B(0,a) = {z: |z| < a}, a > p. Consider an extension
X € H™(R?) such that Y|o = x and ||X|| gmra) < M| x|lgm(0)- Let go(t, ) be the
solution of

eV~ hlls < —=|Ihlls, VA € H*(T). (3.6)

2 — 0
{(@ Ay)go=0inR x Q, (37)

gO(Oa ‘T) =0, 8t90(0a :17) = X(I)

sin(tv/—Ao)
0

The function gy has the representation gg = Nevovs X, where —Ag is the free

Laplacian in €. Set

wo(Az) = / M (t)go(t, 2)dt, Re A < 0,

where throughout our paper we use the Heaviside function H(¢t) = 1 for ¢ < 0 and
H(t) = 0 for t > 0. We obtain (—A + A\?)wy = x and

o0

g\, x) = (0, — My(x)wo (A, x)|r = / e*MH(t)(ay — 79 go(t, x)|rdt.  (3.8)

— 00

Thus wo(\, z) = Ro(A\)x € H™H2(R?), where Ry(\) = (—=Ag + A?)~! is the incom-
ing resolvent of —Ag and wg(A, x) is analytic for ReA < 0. Let ||.[|gm(B0,p) =
Il .6, b > p. It is well known that

[Ro(A) x|k < CanlAFHIX

In fact, for |z| < b, the sharp Huyghens principle yields go(¢,2) = 0 for |[t| > a+b
and (3.9) follows after an integration by parts. The estimate (3.9) implies

0.0y ReA< 0|\ >Lo>1, k=0,1. (3.9)

|k,b < Ca,b|)‘|k_1||X||m>a7 |a‘ <m, k=0,1

195 wo
and from the equation Ad%wy — A\20%w = %X we deduce

)‘|k_2||X||m7a7 |04‘ =k=0,1.

||8;1w0||m—1,b < C(7n,ca,b

Since m—3 > d/2, the functions wo (A, x) and 0, wo(A, x), j = 1, ..., d are continuous
in |z| < b with uniform bound O(|A|72) and O(|\|~!), respectively, and

”(I(AvCC)HHm—W?(F) < Dmp‘rlHXHm,a-

Below up to end of this subsection we suppose that ;1 < —c,,_3/2. Introduce the
analytic function

h(\,z) =C(\) " tg(\, ) € H™ V(D).
Applying the estimates (3.6), we deduce
IR\ @) | zrm-s/2(ry < B /2 Din (@ Ma) ™ [l a-

Next, let wi(\,z) = K(A)h(X\,xz) € H™2(Q) be the solution of the Dirichlet
problem (2.1) with f = h()\, z). Clearly,

() = My(x))wr (A, 2)|r = (N(A) = Ay(2))h(A, 2) = q(A, 2). (3.10)
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On the other hand, for w; (A, z) we have the estimates
> Wlwillar@) < Kmllbllmn-semy < Map(a A xlma. — (3:11)
k+j<m—2
Consequently, the inclusion H™~3(Q) C C(Q) implies
i (X 2)| < My A 7217 Xl a
uniformly with respect to u < —cp,_3/0 and € Q. For (t,z) € Ry x Q and
€ > Cp_3/2 define

1 At R BTy .
g1(t,x) = eMwy (N, z)d\ = e wy (—c + ik, z)dk.
p=—c

T omi 2 J_ o

We may shift the contour of integration to the left, hence g1 (A, z) does not depend
of the choice of ¢ > ¢,,_3/2. It is easy to see that gi(t,2) = 0 for ¢ > 0. For fixed
to > 0,29 € € one obtains

e—cto [ Aecto [ 1 Be~ o
. - Cetik dke < dk <
91 (to, zo)| < o /_oo [wi(—ctik, zo)ldk < c /—oo g TR 7 ¢

and taking ¢ — oo, we conclude that ¢, (¢, z9) = 0.
According to (3.11), we get

”wl”Hm*?*J'(Q) = Om(|ﬂ|71|>‘|7j71)7 J=0,..,m—=2.

In particular, since m > 5, we have ||Awi||z2 < [Jwi|gm-s = Om(lu|~tA72).
Therefore,
—c+iR
(2mi)Agy :/ eMAw (N, z)d\ = lim eMAZwy (N, x)dA
p=—c R—oco J_c—iRr

—c+iR
= lim 8,52/ eMwi (N, z)d\ = (2m1)02 g1 (L, x).

R— o0 c—iR

Here in the last equality we take the derivative 87 in the sens of distributions and
we exchange 07 and the limit R — oo. This implies

(02— Ag)gr =0, t <0,z € Q.

Finally, taking into account (3.8) and (3.10) and applying the inverse Laplace trans-
formation, for t < 0 we deduce

1
(81/ - ’78t)91(t>33)|1“ = T e)\tQ()‘wx)dA
L
1 At 0 — s
= % /#__Ce (/_oo e <8V - 788)90(57 x)|Fd5)d)\ = (81/ - ’)/at)go(t,m)h“.

Thus we obtain a solution f(t,x) = go(t,z)—g1(t, z) of the problem (1.3). Introduce
the space H™ (R, x ) with norm

ot o)l =D 10/05w(t, @)l 12y o)
J+lel<m

The estimate (3.11) implies e“m-3/2t f(t, ) € H™ 2(R; x ) and we obtain the
following
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Proposition 3.2. For m > d/2 + 3 there exists an operator
P(t): HZ, () — e~ m=3211" (R x Q) (3.12)

comp
satisfying

? — A,)P(t) =0, P(0) =0, 3,P(0) = Id,

{(at JP(t) =0, P(0) =0, 0,P(0) (313)

(81/ - 'y(m)at)P(t)‘R; xD = 0.
4. ABSENCE OF EIGENVALUES || > A

To obtain an analytic continuation of the incoming resolvent for |A| > Ay, we
will follow the approach in section 4.6 in [2]. Let y, € C§°(R?) be such that
supp Xo C B(0,a) and x, = 1 for |z| < p+2¢, a > p+ 3¢, € > 0. Introduce a
function (,4(¢,x) € C* such that

1 for0>t>—(z| + Tp),
oty = - -
Calts Dioizerac {o fort < ~(al + T, + 1),

and (,(t,z) = pu(t) for |z| < p+ ¢ with

1for0>t>—(p+e+T,),
Pa(t) =
0fort<—(p+e+T,+1).
Here T, > a is a fixed constant. Moreover, we suppose that (,(¢t,z) = 1 for
0>1t>—T,, x € Q. Then for |z| < p+ e we have 3;(, (¢, ) = Ya(t) € CF(R,).
For m > d/2 4 3 consider the operator P(t) given by Proposition 3.2 and intro-
duce
CaP(t)xa : H™(Q) — ™22 H™ (R x Q).
Therefore,
(atz = Ag)(CaP(t)Xa) = [0, Gl P(t)Xa =1 Ful(t)
and
(@ = 1(@)2) (CaP()Xa) |y wr = —V(@)Ya(O)PE)Xa g = Ja(t)-
Clearly, for g € H™()) we have
supp (Fu(t)g) C{(t,z) e Ry x Q: —(max{|z|,p+et+Ta+1) <t < -T,)},

supp (Ja(t)g) C {(t,2) eRy xT: =(p+te+Ta+1)<t<—(p+e+Tu)}
The operator P(t) has a Schwartz kernel p(t, z,y) € D'(R; x Q x RY) such that

(PO = [ plta.a) fu)dy, | € O (R

where the integral is taken in the sens of distributions. This implies that J,(¢) has
Kernel ja(t, 2, 1) = 7(2)6a(t)p(t, 7, y)Xa(y)|eer- According to (3.13), we have

(@)¢a () P(t)Xalr : H™(Q) = H" 2Ry < T).
We will construct a kernel b, (¢, x,y) such that

bo(t,x,y) =0for — (p+e+T,+1)<t<0,z€T, (4.1)

Ayba(t,z,y) = jalt,z,y) for — (p+e+T,+1) <t <0, z€T. (4.2)

To arrange the above conditions we apply Remark 2.1 considering the variables
t,y as parameters. By the construction with local coordinates, we have Ea(t, z,y) =
a(x)jq(t, z,y) with some smooth function satisfying a(z)|r = 0, dya(z)|r = 1.
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Choose x, € C§°(B(0,a)) such that x, = 1 near B(0,p +¢) and x, = 1 on the
support of xp and define b, (¢, x,y) = xp(2)ba(t, z,y). The conditions (4.1), (4.2)
yield

(aV - V(x)atﬂ)a(u z, y)|ZL’EF = ja(t7 z, y)
Next let B, (t) : H™(2) — H™ 2(R; x Q) be the operator with kernel b, (t, z,y).
The smoothness of b,(t,z,y) follows form that of j,(¢,z,y). The choice of the
correction B, (t) leads to the equality

(0 =700 (GuP(E)xa — Ba(t))| _ =0

zel

and we have
supp (Ba(t)g) C {(t,z): —(p+e+Ta+1) <t < —(p+e+T0), |2] < al}.
Denote by W, (¢) the solution of the problem
OoWe(t) = —(1 — xp) Fu(t), We(t) =0fort > 0. (4.3)

Here Oy = 02 — A and Ay is the Laplacian in R?. Repeating the argument of the
proof of Theorem 4.3 in [2], it easy to see that there exists C, > T, such that

supp (W, (t)g) C {(t,z) e Ry x Q: —(|z|+Cy) <t < —(Jz| + T,)}- (4.4)
For completeness we present the details. Write
Wa(t) = =(1 = xu)CH () P(t)xa + H()Uo(£)((1 — Xb)Xa) + Qa(t),
where Up(t) is the solution of the Cauchy problem
OoUp = 0,
Uop(0) = 0, (9:Up)(0) = (1 — xb)CaXa-
Then

DOQCL - DOWa + (1 - Xb)DO (CaH(t)P<t)Xa)) + [A’ Xb}CaH(t)P(t)Xa

—Oo(H()Uo(t)(1 = xb)Xa)) = (1 = x)Xa + [A, X6]CH () P(t) Xa — (1 = Xb)Xa
= [Avxb]CaH(t)P(t)Xa = Ta,b(t’m)a

Qa(0) = (9:Qa)(0) = 0.
We apply the Duhamel formula

0
Qdﬂ=—/l%@—&%wmﬂaw@%,
t

where Uy(t, z,y) is the kernel of the operator Sm(% V;OAO). By the sharp Huyghens

principle with a constant C, > 0 we obtain
supp (Qu(t)g) € {(t.2) : ~(|o| +Ca) <t < 0},

Indeed, if (¢, z) € supp Qq(t)g, there exist (s,y) € supprq,p and ¢ < s < 0 such that
|z —y| = —(t — s) and this implies

—t<|z|+ |yl —s < |z|+2a+ T, + 1.
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For Uy(t)(1—xs)Xxa by a finite speed of propagation argument one obtains the same
result. This proves the lower bound of ¢ in (4.4). To establish the upper bound, we
apply ones more the Duhamel formula for W, (¢) writing

0
Wa(t)g = / Vot — 5,2, 9) (1 — xb()) Fa(5)g) (v)dyds, t < 0.

If (¢t,x) € supp W,(t)g, there exist (s,y) € supp (1 — xp)Fa(s)g(y) and t < s <0
such that |z — y| = —(¢ — s). Hence

—t > fa| =yl = s > [e| = [yl + [yl + Ta = || + T

Choose a function x. € C§°(B(0,a)) which is equal to 1 near B(0, p) and such
that xp = 1 on supp x. and introduce the approximative resolvent

Rg()‘) = /0 eiAt {Cap(t)Xa + (1 - XC)Wa(t) - Ba(t)] dta ReA < 0.

The integral is well defined since for fixed = the supports with respect to ¢ of
the functions under integration are bounded. For m > d/2 + 3 we have Rf()\) :
H™ () — H™ ?(Q). We obtain

comp loc
(A= M)REN) = xa (1d+ La(V)), (D) = X(2)) RE (V) er = 0
with
0
La()) = / e (—XbFa(t) — A, X ] Wa(t) + DBa(t))dt.

— 00

After an integration by parts with respect to ¢ we deduce
0
Lo(d) = A~! / e (XD Fa(t) — (A XJOWalt) + O0BA(H) ) dr.

For the invertibility of Id + L,(A) in H™ (2 N B(0, a)) we must estimate the ||.|[m,q
norms of the terms under integration. For 9;F,(t) one observes that 97 P(t) =
AP(t), hence ||0:Fa(t)|m,a < CimllXallm+a,a. Similarly, for OB, (t) we exploit
once more the property of P(t) since b, (t,z,y) = xo(x)a(z)p(t, z,y) and conclude
that ||0:0B4(t)|lm.a < C2,mllXallm+4,qa, Finally, 0; W, (t) can be estimated by F,(t)
and we deduce
[La(Mlm,a < Dm+4,a|>‘|7lHXa||m+4,a-

Let p < a1 < a. We fix m > d/2+ 3 and fix a function x, € C§°(B(0,a)) such that
Xo = 1 for || < aq. Choose |A| > 2Dy14.4lXallm+a.a = Ao. Then the operator
(Id + Lo(X)) 7! is invertible in H™(Q N B(0,a)) and for every g € H™(Q) with
supp ¢ C B(0,a1) by an analytic continuation we get

Ra(N)g = RN (Id + La(N) "9 = xag = g, ReA <0, |A| > Ay.

The function u(z, \) = R4(\)g is analytic solution of (2.4) with f = 0. According
to Lemma 2.1, this implies that for every s > 0 the operator C(\)~! : H*(T') —
HsT(T) is analytic for Re A < 0, |A\| > Ag and we obtain the following

Proposition 4.1. There exists Ay > 0 such that the operator G has no eigenvalues
Ae{C: ReA< —¢tU{C: AeC_, |A] > A4p}.

It is important to note that Dy,44 , depends of constants Ay, 44, Bymta, Kmta in
subsection 3.2.
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5. ABSENCE OF EIGENVALUES |A| < Ay

Consider for € € [0, 1] the operator
C.(\) = N(X) — Aey(z) = (Id - Am(x)N(A)—l)N(A).

Let e'@ be the semi-group with generator G, defined with boundary condition
(0, —ev(x)dy) flr = 0. Obviously, max,ecr ey(z) =emg < 1. Set ae =1 —emg > a.
Below for simplicity we write H? instead of H*(T"). It is easy to see that for p < —cp
we have

—Re((N(X) = Aev(2))p, 9o = (ac|ul = Co)llellg, Ve € C=(D) (5.1)

with constant Cy > 0 independent of € and p. By the argument in subsection 3.1 we
conclude that the operator C.(\)~! : H® — H*t! is analytic for u < —cq uniformly
with respect to €. Recall the constants ¢, = max{Z%’L,cm,l} > 0 defined in
subsection 3.1. Since C), in (3.2) are independent of v(x), we obtain

m

7cm—1,s} S Cm-

Cm,e = max{ 5
€

Moreover, for u < —c,, we have estimates

Be i, < B vhe HY(D) (5.2)
ae |yl alul

with B > 0 independent of €. To do this, we repeat the argument of subsection 3.1
and recall that the constants A,, depend of the norms of the derivatives of evy(x)
of order j < m, hence they can be chosen to be independent of €. Repeating the
proof of subsection 3.2, we construct an operator

Po(t): HT () — e m=3/2tM2(R x Q)

comp

IC(N) Al <

satisfying
(0?2 — A,)P-(t) =0, P.(0) =0, 9;P-(0) = Id, (5.3)
(0, — 67(x)8t)Pg(t)|Rt_ < =0. '

The analysis of Section 4 implies that C.(\)~! has an analytic continuation for
ReA < 0, |A| > Ag, where Ay > 0 is independent of e. This follow from the fact
that the constants A,,+4, Bm+a, Km+4 in subsection 3.2 can be chosen uniformly
with respect to e. Denote by A(\, ) the compact operator

AN e) = Aey(2) NN~ HY? — H3/2,
Consider the domain w C C_ bounded by the the contour
(={z€C:Imz=—Ap, —cg <Rez<0}U{z€C:Rez=0, |Imz| < Ap}
U{zeC:Imz= Ay, —co <Rez<0}U{z€C:Rez=—cp, |Imz| < Ap}.

For sufficiently small € the operator C()) is invertible for A € w. Indeed, for all
A € w we have [A| < By and ||v(z)N(A) || g1/2— g1/2 < By. Then for e <
7)o one arranges

1
QBoBl -
||>\E’Y(SL’)N()\)_1HH1/2%H1/2 S 1/2, A Ew.

This implies that (Id — A(),¢)) is invertible in H'/2 and C.(\)~! is analytic for
A € w. Define

n=sup{e: £ €[0,1] : C.(\)~"is analytic for A € w}.
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Obviously, 79 < n < 1. Notice that if C.(\) and C,(\) are invertible, we have the
equality

C.(N)7! (1= (e = A€y (W) ) = Cy(N) (5.4)

We have two cases: (i) n =1, (ii) n < 1. If p = 1 and C(\) = C1(A) is invertible for
A € w, the operator G has no eigenvalues in w. In the case (ii) if C,()) is invertible
for A € w, by using (5.4), we obtain that C.()) is invertible for 1 > e >n, A € w
and ¢ — n sufficiently close to 0. To prove this, for € —n > 0 sufficiently small and
C.(\) 7! analytic, we write

() =) (1A= (e —mhc, ()7 (5.5)

The right hand part remains bounded for A € w and € —n > 0 small and we
deduce the analyticity of C.(A)~! for A\ € w by analytic continuation. This implies
a contradiction with the definition of 1. Consequently, in both cases (i) and (ii) we
can assume that C,(\)~! has a pole \g € &, where & denotes the interior of w.

Choose a small § > 0 so that {z € C: |z — \g| <0} C & and C,(A\)~* has no
poles A with 0 < |[A—Ag| < 6. Let v9 = {z € C: |z—Xg| = 0} be positively oriented.
Consider the projector

IL,00) = 5 [ (= Gyl

- 27

having rank equal to the multiplicity of the eigenvalue Ay of G,. With a constant
Dy > 0 independent of A one has a bound [|(G,, — A) || < Do, A € 79. We claim
that for 0 < ¢ < n and 1 — ¢ sufficiently small we have

Gy = AN)7" = (Ge = Nl < Cole = nl, YA € 70. (5.6)

with Cy > 0 independent of € and \. This follows from a perturbation argument
(see Section 5 in [1]). We present a direct proof. First, for A € vy the operator
C,(N) is invertible and ||v(z)Cp(N) || g1/2— a2 < D1, X € . Applying (5.5) for
le —n| < ﬁ and A\ € vy we deduce a bound

||C€()‘)_1||H1/2~>H1/3

-1
< NCs N s rova | ([ = e =mMae,NY) | <200

Taking into account the bounds for C,(A)~* and C.(A)~', from (5.4) we get
IC,(N) ™ = CoN) M2 e < 2le =0 BoDi, A € 7.

Next we exploit the representation (2.3) for the first components u,(z,\) and
u:(z,\) of (G, — N7 (f,9) and (Ge — N\)7*(f,g) with C;(A\)~* and C.(A\)7?, re-
spectively. Choose a function ¢ € C§°(R?) equal to 1 for |z| < a, a > p. For A € v
we obtain

1€y = ) ™) (8 Rp (Mg + ADe + 2SIt ) [ a2

< |e = n1BoD2 D2 (RN g + Al oy + e o) )

We prove the claim (5.6) by using the estimates for the resolvent Rp(A) and the
operator K (\). Next for n — e > 0 sufficiently small we obtain

H%m L (A=Gpt = GE)*l)d)\HH < Codle — 1. (5.7)
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e analyticity of C-(A)~! for e < implies [ (A —G:)"'dA = 0. For small  — ¢

the estimate (5.7) leads to ||IL,(Ao)|l#—n < 1 and this yields a contradiction with
the existence of the pole A\g. This completes the proof of Theorem 1.1.
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